The recent discovery of a 126 GeV boson at the LHC will be followed by a detailed examination of its couplings in order to determine whether this particle is the Higgs boson of the standard model or one of many particles of an extended scalar sector. One such extension with a rich phenomenology consists of a color octet electroweak doublet scalar. The most general renormalizable scalar potential contains twelve new parameters and it is therefore desirable to constrain them. We present theoretical constraints on these parameters obtained by requiring perturbative unitarity for two-to-two scalar scattering amplitudes at high energy and vacuum stability.
I. INTRODUCTION
The two experiments ATLAS and CMS at the Large Hadron Collider (LHC) have found a new resonant state of mass near 126 GeV [1, 2] . The properties of this state that have been tested so far match those expected for the standard model, but much work remains to be done to confirm that this is indeed the SM Higgs h. Many interesting possibilities for new physics remain open at this point. By measuring the coupling strengths of the new state to the known standard model bosons and fermions the experiments should be able to unravel the nature of the new state.
New physics possibilities remain open even if this new state is the SM Higgs boson because the value of its mass suggests that the vacuum may not be completely stable [3] [4] [5] [6] [7] . In the SM, vacuum stability is closely related to the physical Higgs mass m h since the quartic selfcoupling λ in the Higgs potential is related to it by λ = m h / √ 2 v (v = 246 GeV). This quartic coupling must remain positive to guarantee that the Higgs potential is bounded from below. In the SM the top quark contribution to radiative corrections can drive λ negative, induce a false and deep minimum at large field values and destabilize the electroweak vacuum. In the SM with a Higgs mass near 126 GeV, the turning point is at an energy scale of order 10 10 GeV and there is no immediate conflict with data. However, if we require the vacuum to be stable up to grand unification or even Planck scales, new physics is required to change the running of λ [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . In general this new physics will also affect the phenomenology of Higgs production and decay at the LHC.
In this paper we consider a simple extension of the scalar sector of the SM with new scalars S transforming as (8, 2, 1/2) under the SM gauge group SU(3) C × SU(2) L × U(1) Y . This color octet, electroweak doublet, scalar extension of the SM is motivated by the requirement of minimal flavor violation [22] [23] [24] . The most general renormalizable scalar potential for this model contains twelve new parameters and it is therefore desirable to constrain them. We compute theoretical constraints on these parameters by requiring perturbative unitarity for the two-to-two scalar scattering amplitudes at high energy, as well as by requiring vacuum stability in the form of a positive λ.
In addition to the color octet, the scalar sector of this model contains a Higgs boson from the doublet H : (1, 2, 1/2) which is responsible for spontaneous electroweak symmetry breaking and has the same tree level couplings as the SM h to other SM particles. The additional colored scalars are assumed to be heavier and the phenomenology related to their possible observation at LHC has been studied before. The new scalars can induce important loop effects which are substantially different from the SM due to new parameters in the Yukawa and Higgs potential sectors. We will discuss the effects of this extension of the SM on the question of vacuum stability and we will address the phenomenology of the loop level Higgs couplings hgg and hγγ in a separate publication [25] .
II. THE MODEL
The model we consider is an extension of the scalar sector of the SM to which a color octet, electroweak doublet of scalars is added. The inclusion of the new multiplet S introduces several new, renormalizable, interaction terms to the Lagrangian. Because S has non-trivial SU(3) C × SU(2) L × U(1) Y quantum numbers, it will have corresponding gauge interactions. In addition there will be new terms in the Yukawa couplings and in the Higgs potential that are consistent with minimal flavor violation. Following Ref. [24] we write the Yukawa couplings as are the same as those coupling the Higgs to quarks, and η U,D are new overall factors that can be complex. In the quark mass eigenstate basis these couplings are given by
. The neutral complex field S a0 can be further decomposed into a scalar S a0 R and a pseudo-scalar
The parametersη U,D are expected to be of order one and are in general complex. We will write them asη U,D = η U,D e iα u,d with η U,D real, and if there are non-zero phases α u,d there is CP violation beyond the SM.
The most general renormalizable scalar potential is given in Ref.
[24] as
Here v ∼ 246 GeV is the Higgs vacuum expectation value (vev) with H = v/ √ 2. The traces are over the color indices and the SU(2) indices i, j are displayed explicitly. We follow Ref. [24] to pick a real λ 3 by a suitable definition of S fields and have displayed the two possible phases φ 4,5 explicitly, all the λ ′ s in Eq. 2.3 are thus real. Although implementation of minimal flavor violation reduces the parameters in the Yukawa sector, there are still a large number of parameters in the scalar potential V . These parameters have physical effects and are constrained from various theoretical and experimental considerations. In order to have an unbroken color symmetry, the parameters must be chosen such that S cannot develop a non-zero vev, but H must have the usual non-zero vev to induce electroweak symmetry breaking. In order for the potential to be bounded from below λ must be larger than zero and several of λ i s must be positive. Maintaining unitarity of the scattering amplitudes induced by the new parameters also constrains them. 1 We use a normalization of λ different than Ref. [24] in order to have the conventional relation λ =
After symmetry breaking, the non-zero vev of the Higgs gives the physical Higgs scalar h a mass m 2 H = 2λv 2 and it also splits the octet scalar masses. The resulting tree level mass spectrum for the colored scalars is [24] 
The parameters m 2 S , and λ 1,2,3 should be chosen such that the above masses remain positive. When not stated explicitly, we shall denote the colored scalar masses collectively by M S .
It has been noted that Eq. 2.3 respects the custodial SU(2) symmetry of the SM model if [24, 26, 27] 
(2.5)
When these conditions are imposed, constraints from the T parameter, from electroweak precision data, are automatically satisfied.
III. TWO-TO-TWO SCALAR SCATTERING AMPLITUDES AND UNITARITY

CONSTRAINTS
In this section we consider high energy two-to-two scalar scattering to constrain the strength of the self interactions with the requirement of perturbative unitarity. Although the potential is renormalizable, the tree-level scattering amplitudes approach a constant at high energy that is proportional to the quartic couplings. Perturbative unitarity then constrains their size in a manner entirely analogous to the unitarity bound on the SM Higgs boson mass [28] and generalizations [29] . We will consider scattering of all the scalar particles that appear in the model at energies much larger than their masses. In this limit, the Higgs and the SM would be Goldstone bosons can be treated as degenerate and massless, and the colored scalars as degenerate with mass m S . The strongest limits on the couplings are obtained by considering scattering of two particle states of definite color and I = 0. In this context, I = 0 is the singlet of the approximate O(4) symmetry between H, w ± , z (referred collectively as h) and between S ± , S i , S r . The normalization of the two particle states will then be
for the color singlet, the symmetric octet and the antisymmetric octet respectively. The I = 0 two particle state will be
for two color singlet scalars, two color octet scalars or one color singlet and one color octet respectively. The best unitarity bound on the Higgs boson mass arises from considering the high energy limit of hh scattering in the I = 0 and J = 0 partial wave [28] . In the same manner we begin by considering the isospin zero, J = 0 scattering of hh → SS which is also a color singlet. We find a partial wave amplitude that depends only on the parameters λ 1,2,3 (using the notation a 
where we have defined β i ≡ 1 − 4m 2 i /s and · · · stands for terms proportional to mass splittings. In the high energy limit only the first term (due to a contact interaction) remains, and requiring that Re(a 0 00 ) < 1/2, results on the perturbative unitarity constraint
We note that this constraint does not use the custodial symmetry relations Eq. 2.5, as λ 3 only appears in the terms with the logarithm which vanish in the high energy limit. Without custodial symmetry, we can consider all the separate hh → SS, J = 0, partial wave amplitudes in the color singlet channel to obtain separate bounds for the couplings λ 1,2,3 and this is shown in Table I in the appendix. When constraining one coupling at a time, none of the results in Eq. A1 improves on the condition Eq. 3.4, but we do obtain new information in the form
Next we consider the scattering hS → SS which is proportional to λ 4,5 in the high energy limit. Our best bound arises from the isospin zero, zeroth partial wave, symmetric color octet channel where we find in the custodial symmetry limit
where once again the · · · stands for terms involving mass splittings. In the high energy limit this results in the bound
which we have re-written in terms of both λ 4,5 as it appears without assuming custodial symmetry.
The remaining coupling constants, λ 4−11 , affect only the colored scalars self-interactions at tree-level and we constrain them by looking at SS scattering. In the custodial symmetry limit, a first bound is obtained from the I = 0 color singlet channel
The tightest constraint in the custodial symmetry limit arises from Eq. 3.8 and is given by,
Using this result to bound one coupling at a time gives
A second independent constraint is obtained by considering scattering in the symmetric color octet channel
from which it follows that
The antisymmetric color octet channel vanishes, as expected, for the symmetric I = 0 state. It produces additional constraints if we consider amplitudes that are antisymmetric in O(4) indices or by considering the scattering of specific channels away from the custodial symmetry limit. These results are shown in the Appendix.
Finally, we can also consider tt → tt scattering at high energy to constrain η U . Consider the zeroth partial wave for elastic scattering of a same helicity tt state in the color singlet and color octet channels. The color singlet channel is responsible for the well known SM result a 0 (tt → tt) → 3 8π
In this model it does not provide any constraint as it receives contributions from t-channel exchange of S r and S i that cancel each other out. The color octet channel, on the other hand gives us at high energy
which results in the rather weak bound
IV. THE RUNNING OF λ
We now study the effect of the color octet scalars on the running of λ and consequently on vacuum stability. As mentioned before there are many parameters in the potential and this makes a general analysis complicated. At the leading one loop level however, only λ 1,2,3 affect the running of λ directly. In this section we will carry out our analysis in terms of the four new free parameters m 2 S and λ 1,2,3 . The running of these parameters is determined by renormalization group equations (RGE). We find that at one loop level, the β function governing the running of the quartic coupling λ is given by
where g s , g and g ′ are associated with SU(3) C , SU(2) L and U(1) Y , respectively and y t = g U 33 = √ 2m t /v is the top quark Yukawa coupling. It is easy to see that octets always contribute positively to β λ for non vanishing λ i since
Note that the above RGE is valid when µ ≥ M S . If µ ≪ M S , the decoupling theorem tells us that the effects of the octet can be neglected and terms with λ i do not contribute, leading effectively to the SM. The β functions for λ 1,2,3 are given by (we include contributions to these from λ 4−11 in the custodial symmetry limit but give general expressions in the Appendix)
It should be pointed out that in the case when λ i vanishes at tree level, the above RGEs show that gauge and Yukawa interactions can still induce λ i at one loop. Inclusion of λ i is just a necessity of renormalization. λ 3 is different from λ 1,2 in the sense that if η U = 0, λ 3 would not get renormalized at one loop for a vanishing initial input.
When the energy scale µ ≥ M S , the β functions of the gauge couplings also need to be modified as,
6)
where the first term in each parenthesis is the SM contribution. For the new contributions there is a factor 1/3 for scalars, factors 1/2 and 3 for fundamental and adjoint representations respectively, and a factor 8 for the number of doublets (one for each color). Finally, the Yukawa coupling has a beta function given by
8)
Now that we have all the β functions we can study the energy scale dependence of the couplings. For our numerical analysis, we will assume a custodial SU(2) symmetric initial condition, Eq. 2.5. For this study the effect of λ 3 on the SM Higgs sector is not fundamentally different from that of λ 2 . The special choice 2λ 3 = λ 2 represents one typical parameter subspace. Also we shall ignore the contributions from λ 4−11 in numerical analysis. The reason is that these terms affect the running of λ only through λ 1,2,3 as secondary effects. It is possible to adjust the input values of λ 1,2,3 to incorporate λ 4−11 contributions.
The initial values of λ 1,2,3 (at a scale of 1 TeV) should not be much larger than O(1) and should lie in the ranges of unitarity bounds discussed in Sec. III. If λ 1,2,3 are too large, the perturbative framework is not valid anymore [30] , and a study of the resulting non-perturbative effects is beyond the scope of our discussion. If the theory is to remain perturbative up to a given scale, the running of λ i should not reach the unitarity bound and certainly should not reach the Landau pole before that given scale.
In the following we discuss the running of λ. We show in Fig. (1) how the scale of M S can affect the running of λ. The solid line shows the original λ running behavior in the SM and it is evident that λ turns negative at a scale near 10 10 GeV 2 . Now suppose that M S ≃ 1TeV, the effects of the color octet come into play when µ ≥ M S , as shown in the dotted line. For η U = 0, we have chosen λ i = 0 at M S as illustration because this choice produces the minimal contributions to λ. It can still make λ positive, or the electroweak vacuum stable, up to the Planck scale. If M S is very large, the color octet contributions come in too late and are not large enough to stabilize the vacuum, as shown in the dashed line. However, this could be amended very easily by non-vanishing λ i as shown in the dot-dashed line which also shows a threshold effect.
It is interesting to note that even with λ i = 0 for η U = 0, the color octet still modifies β λ through β g i contributions as can be seen in the right panel of Fig. (1) . Color octet effects will make the strong gauge couplings decrease slower than in the SM, and this serves as an additional positive contribution to β λ . Also, when the gauge couplings are larger, λ 1,2 would run away from zero faster because of the corresponding terms in Eq. A non-vanishing η U has a negative contribution to the beta function of λ. In addition the positive contribution
t in β yt makes y t increase faster. This causes the top quark to decrease λ more effectively as the energy goes up. We show the running behavior of λ for η U = 1 by the dot-dashed line in Fig. (1) . As can be seen from the figure, if M S is around the TeV scale and λ i = 0, the effects of enlarging η would decrease the instability scale relative to that in the SM. The end result emerges from competition between non-vanishing η U and λ i , and requiring λ M P > 0 (at the Planck mass) can constrain their ranges. We illustrate this with an example in Fig. 2 for some initial values of λ 1 and η U . 
V. RENORMALIZATION GROUP IMPROVED UNITARITY BOUNDS
We can improve the unitarity constraints on the scalar self couplings obtained in Section III in some cases by considering their renormalization group evolution along the lines described in Ref. [33, 34] for the Higgs boson mass. In order to do this we need a complete set of one-loop beta functions which we provide in Appendix B. If we consider only one non-zero coupling at a time, that is we put all other λ j = 0 (j = i) in β λ i , then except for λ 4 , the λ i increase with energy and the corresponding unitarity bounds will be stronger. The solution of the complete set of coupled RGE is beyond the scope of this paper, but we illustrate the constraints that result in two restricted cases.
We first look at the sector of the potential responsible for the high energy hh → SS scattering at tree level, which in the limit of custodial symmetry is governed by the couplings λ 1,2 . The relevant RGE are
These two coupled equations can be readily solved in terms of
for which
In Fig. 3 we show the region in the λ 1 − λ 2 (at 1 TeV) plane that satisfies the unitarity constraint, Eq. 3.4 up to different energy scales. The red region corresponds to Eq. 3.4 for the couplings at 1 TeV indicating how there is no constraint along the direction λ 2 = −2λ 1 .
In the green shaded region we require that the unitarity constraint be satisfied up to 100 TeV and in the blue shaded region up to 10 10 GeV. We see that as we require the theory to remain perturbative to higher scales, the allowed region for positive λ 1,2 shrinks as expected. On the other hand this does not happen for a region where one or both λ 1,2 are allowed to be negative. In Fig. 3 we also show the conditions a ± = 0 with the dashed lines.
Next we recall that λ 1,2 contribute to the running of λ as in Eq. 4.1. We can solve numerically the coupled equations for λ and λ 1,2 by ignoring the other couplings and taking the custodial limit. If we then require that λ also satisfy its unitarity constraint [34] 5λ/(16π) ≤ 1/2, we further restrict the allowed parameter space. The area in the λ 1 − λ 2 plane that is allowed in this case is shown in the right side of Fig. 3 .
In the above discussion we have neglected the gauge coupling contributions to the RGE. The effects of the gauge couplings, dominated by the strong coupling, tend to slow down the raising of λ 1,2 which in turn slows down the growing rate for λ. Therefore one expects that inclusion of the gauge couplings will delay the reach of the unitarity bounds. In Fig. 4 we use two sets of typical initial values from the blue region in Fig. 3 as illustration, to show the running behavior of λ and λ 1,2 . We see that indeed λ and λ 1,2 are below the unitarity bounds all the way up to a scale higher than 10 10 GeV. Finally we study the sector with λ 8,9,11 responsible for high energy scattering SS → SS 
Illustration of running behaviors of λ i and λ.
at tree level in the custodial symmetry limit. The corresponding RGE are given by
This set of coupled equations can be solved numerically and we obtain results that are qualitatively similar to the ones for λ 1,2 . As we require the unitarity constraints to be satisfied to higher energies, the allowed parameter space for positive values of λ 8,9,11 shrinks and they are constrained to be small. In Fig. 5 we show our numerical solution for the allowed regions in λ 8,9,11 (at 1 TeV) that satisfy the unitarity constraints Eqs. 3.9, 3.12, and A3 up to 10 10 GeV by taking two of them to be non-zero at a time as the blue region.
Allowed regions in λ 8,9,11 (at 1 TeV) that satisfy the unitarity constraints Eqs. 3.9, 3.12, A3
up to 10 10 GeV by taking two of them to be non-zero at a time shown in the blue region.
VI. NUMERICAL VALUES FOR COLOR-OCTET COUPLINGS USED IN THE LITERATURE
In this section we briefly review some of the phenomenological applications of this coloroctet model that have appeared in the literature with emphasis on the numerical values used for the different couplings.
In their original paper Manohar and Wise [24] point out that the values λ 1 = 4 and λ 2 = 1 for m S = 750 GeV can increase the Higgs production rate by a factor of 2 while decreasing H → γγ by 10% and being consistent with constraints from the S parameter.
In [35] , it is found that the contributions of the model to R b imply that for masses in the m S ∼ 1 (4) TeV region, |η U | < ∼ 1.8 (5) to stay within 2σ of the measured value. They also compute the singlet color octet production rate at LHC assuming λ 4,5 ∼ 1 and |η U | = 1.
In [36] , the minimum values of |λ 2 ± 2λ 3 | and of |λ 3 | that allow for two body decays of the color octet states involving W ± are calculated. For a min{m S ± , m S i,r } in the range 200 − 600 GeV, |λ 2 ± 2λ 3 | min ∼ (2 − 6) for example. In addition they also consider the running of the couplings λ i and find constraints by requiring that they remain perturbative up to some scale which they use to study color octet phenomenology at LHC. We disagree with their beta-functions as given in their appendix so the constraints that we obtain are different.
In [26] , the mass splittings between M + , M R , M I are studied imposing constraints from electroweak precision data and allowed regions are presented for Several studies use this model to modify jet production. For example, in [27, 37] , this model is studied in connection with the CDF diet anomaly. The production cross section of S 0 R is calculated as function of λ 4 + λ 5 , ranging from 0 to 30. For the benchmark point of M R = 245 GeV, M I = 190 GeV, M ± = 150 GeV, λ 4 + λ 5 = 18 is needed to explain the CDF anomaly. In Ref. [38] several multi jet process are studied with λ 4,5 ∼ 1 and λ 1,2,3 ∼ 1/2.
Several papers have studied this model in relation to possible enhancements/suppressions of the Higgs coupling to gluons or photons. In Ref. [39] it is argued that this model can reduce the Higgs production cross section at LHC to make it compatible with a fourth generation. Saturating the S parameter with λ 2 results in the constraint for m S ∼ 1 TeV, −48 < ∼ λ 2 < ∼ 6. Using this constraint on λ 2 it is found that λ 1 ∼ −8 would be needed to halve the SM4 hgg coupling for masses m S ∼ 2v. A similar argument for reducing the Higgs production cross section in the SM was presented in Ref. [40] and one for hiding heavier Higgs bosons in Ref. [41] . Ref. [42] uses similar models to enhance the H → γγ rate and Ref. [43] to enhance di-Higgs production.
In Ref. [44] it is pointed out that this model can result in large CP violation in top pair production at the LHC. The parameter range considered was λ 4,5 < ∼ 8 and large phases in λ 4 and η U . It was also found that for color octet resonances with masses in the 500 − 1000 GeV range one needed η U ∼ 3 to have them stand out over QCD background.
In [45] the hgg and hγγ couplings as fit from LHC data are compared with sample BSM scenarios. Although no attempt is made to constrain the couplings of the color octet model, it is shown that it is consistent with data using m s = 750 GeV for values λ 1 = 4, λ 2 = 1.
In Ref. [46] the possibility of inverting the sign of the hgg coupling with additional color octets is studied and the allowed parameter space has λ O > ∼ 4 where λ O corresponds to λ 8 in Eq. 2.3.
Finally, in the very recent Ref. [47] the model is considered in connection to LHC Higgs data. They examine the constraints imposed on the model by unitarity numerically and find that for m h = 125.5 GeV |λ 1,2 | < ∼ 35 and |λ 3 | < ∼ 18, worse than our limits by factors between 2 and 4.
Color octet scalars also appear in specific models considered recently [48] .
VII. SUMMARY AND CONCLUSIONS
In this paper we have examined the theoretical constraints on the color-octet extension of the standard model scalar sector. We first required perturbative unitarity for two-totwo scalar scattering amplitudes to obtain general bounds for the parameters in the scalar potential. We then considered the renormalization group equations for the couplings and used this to provide constraints from the requirement of a stable vacuum up to high energy. An amusing fact is that for octet masses near a TeV, even with vanishing couplings to quarks and the higgs boson, the electroweak vacuum can be stabilized up to the Planck scale. Finally we considered improvement of our unitarity constraints by requiring they be satisfied up to high energy scales. This consideration further constrains the values allowed. Finally we reviewed some of the phenomenological studies that have used this model in the literature and found that many of them stray outside the theoretical constraints found here. Our results should prove useful for future phenomenology of this model.
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Inspection of the partial wave amplitudes presented in Table I reveals that Eq. 3.3 is obtained by adding all the channels (with a suitable normalization). Other possible combinations include
From the last of these conditions we obtain Eq. 3.5, and from the second row in Table I we obtain λ 1 < ∼ 18. Next we consider the scattering of SS → SS to constrain λ 4−11 and display the results for J = 0 partial wave amplitudes in Table II. In the custodial symmetry limit the corresponding S i S i → S i S i = S r S r → S r S r 30λ 10 + 15λ 11 + 15λ 6 + 15λ 7 + 30λ 8 + 30λ 9
S i S i → S + S − = S r S r → S + S − 3λ 10 + 8λ 11 + 8λ 6 + 8λ 7 + 24λ 8 + 3λ 9
S i S i → S r S r 3λ 10 − λ 11 + 17λ 6 + 17λ 7 + 24λ 8 + 3λ 9 results are shown in Table III . S i S i → S i S i = S r S r → S r S r 30λ 11 + 30λ 8 + 60λ 9 S i S i → S + S − = S r S r → S + S − = S i S i → S r S r 16λ 11 + 24λ 8 + 6λ 9
Weaker bounds arise from considering color octet (or 27) channels but they can be useful to place separate constraints on particular couplings. For illustration we include one such channel in the antisymmetric color octet a 0 (+−)0 = a(
(2λ 8 − 2λ 9 + 3λ 11 ) + 3 32π Using the techniques in ref. [49, 50] , one can easily obtain the relevent β functions. Here we give the color octet contributions to the β functions for λs in the general case without custodial symmetry, (16π 2 )β λ 1 = 2λ (16π 2 )β λ 4 = 8λ * 4 λ 3 + 2λ 3 λ * 5 + λ 5 (2λ 2 − λ 7 + 2λ 9 + 4λ 10 + λ 11 ) +λ 4 (3λ 1 + 2λ 2 + 6λ 6 + 2λ 7 + 3λ 8 + 2λ 9 + λ 10 + λ 11 ), (16π 2 )β λ 5 = 2λ 3 λ * 4 + 8λ 3 λ * 5 + λ 4 (2λ 2 − λ 6 + 2λ 9 + 4λ 10 + λ 11 ) +λ 5 (3λ 1 + 2λ 2 + 6λ 6 + 2λ 7 + 3λ 8 + 2λ 9 + λ 10 + λ 11 ),
(16π
2 )β λ 6 = 3λ 4 λ * 4 + 7λ 2 6 + λ 6 (6λ 7 + 6λ 8 + 4λ 9 − λ 10 − 2λ 11 ) +λ 7 (4λ 9 − λ 10 ) − 2λ 9 λ 11 + 2λ 10 λ 11 + λ 
2 )β λ 7 = 3λ 5 λ * 5 + 7λ 2 7 + λ 7 (6λ 6 + 6λ 8 + 4λ 9 − λ 10 − 2λ 11 ) +λ 6 (4λ 9 − λ 10 ) − 2λ 9 λ 11 + 2λ 10 λ 11 + λ + 64λ 6 λ 7 + 62λ 2 7 + 96λ 9 (λ 6 + λ 7 ) + 18λ 10 (λ 6 + λ 7 ) + 58λ 11 (λ 6 + λ 7 ) +54λ 2 9 + 36λ 9 λ 10 + 132λ 9 λ 11 + 18λ 2 10 + 18λ 10 λ 11 + 29λ 
